New exact string solutions in non-constant background fields are found and it is shown that some of them are compatible with the boundary conditions for the open string -D-brane system. Extension of the constraint algebra is proposed and discussed.
Introduction
Obtaining exact solutions of the nonlinear probe string equations of motion and constraints in variable external fields is by all means an interesting task with many possible applications. One such application is connected with the recent investigations of the open string -D-brane system in non-constant background fields [1] - [5] . Of course, in this case, one is forced to use different approximations in order to get explicit results. That is why, it is interesting to see to what extend our knowledge about the existing exact string solutions can help us in considering this dynamical system. More concretely, which kind of solutions are compatible with the mixed boundary conditions characterizing the open string -D-brane system.
In this letter, we consider a few types of exact solutions of the probe string equations of motion and constraints in non-constant background metric and NS-NS two-form gauge field. Then we check their compatibility with the open string -D-brane boundary conditions. It turns out that there exist one type of exact string solutions, which gives also nontrivial solution of the mixed boundary conditions for the open string -D-brane system. After that, we reinterpret the conditions for existence of such solutions as a set of constraints and compute their Poisson bracket algebra.
Exact string solutions in non-constant background fields
In this section, our aim is to describe several types of exact solutions for a string moving in background gravitational and NS-NS fields. To this end, we start with the sigma-model action for D-dimensional space-time
are the pullbacks of the background metric and antisymmetric NS-NS tensor to the string worldsheet, and γ is the determinant of the auxiliary metric γ mn . Varying (1) with respect to X M and γ mn , we obtain the equations of motion
In order to give a unified description of the tensile and tensionless string solutions, we parameterize the auxiliary metric γ mn as follows:
Then the Euler-Lagrange equations and the independent constraints take the form [8] (the overdot is used for ∂/∂ξ 0 )
The corresponding conserved quantities are
They are compatible with the constraint (6) when B ± µ C µ ± = 0. Using (7), the equations of motion for y a and the other constraint (5) can be transformed into
where
If we restrict the metric h ab to be a diagonal one, i.e.
the equations (8) can be further transformed into
(there is no summation over a). Now it is evident that we can always integrate these equations, if all coordinates on which the background fields depend, except one, are kept fixed. In the general case, additional restrictions on the metric and on the Kalb-Ramond field will arise, to ensure the separation of the variables y a [8] . These conditions are such that the metric and the B-field are general enough to include many interesting cases of (super)string backgrounds in different dimensions. If the solutions for y a are already known, the solutions for y µ are obtainable from (7). Let us finally note that in the framework of this approach, exact D-string solutions are also found [8] .
Our next step is to search for non-chiral solutions of the string equations of motion and constraints, i.e. solutions of the type
In the particular case B M N = 0, and in conformal and light-cone gauges, it is known that such solutions do exist [7] . To describe them, we split the string coordinates
and assume that X A are left-movers, and X α are right-movers
The metric is supposed to be of the form
Then, the background allowing both movers is given by
being an arbitrary function. Obviously, there are no non-chiral coordinates in this solution: the different chirality is associated with different string coordinates. Now, we are going to show that there exist exact solutions of the string equations of motion and constraints in non-constant background fields g M N and B M N , which posses nonchiral coordinates. Putting (9) in the equations of motion (2), we obtain the conditions for the existence of such solutions:
For simplicity, we will consider the case when g M N and B M N depend on only one coordinate, say r, and will give the results in conformal gauge.
In our first example, we fix all string coordinates X M except X 0 and r (the remaining coordinates are denoted as X α ). Then the conditions (11) and constraints (3) reduce to the system of equations
Among the nontrivial solutions of the above system, there exist the following non-chiral ones:
∂ r g 00 , g rr = 2g 0r − g 00 ∂ r g 0r ∂ r g 00
In our second example, all string coordinates are kept fixed except X 0 , X 1 and r. Only to have readable final expressions, we restrict the metric to be diagonal, and the NS-NS field to be constant. The solutions of the corresponding equations following from (11) and (3) are
where f (g, ∂g) = g rr ∂ r g 11 − g 11 ∂ r g rr g 11 ∂ r g 00 − g 00 ∂ r g 11
1/2
, h(g, ∂g) = g 00 ∂ r g rr − g rr ∂ r g 00 g 11 ∂ r g 00 − g 00 ∂ r g 11
As a consequence, one receives from here that the following equalities are fulfilled
Therefore, we have obtained solutions which allow for all string coordinates to be non-chiral. 
The open string -D-brane system in non-constant background fields
The action for an open string ending on a Dp-brane, in the presence of background gravitational and NS-NS 2-form field, can be written as M N explicitly appears in the expressions for the generalized momenta
and in the boundary conditions
Here we have split the coordinates X M into X µ and X a , and have denoted the location of the D-brane with q a . Thus we saw that the described in the previous section exact string solutions are solutions also of the equations of motion and constraints following from the action (12) in static Dbrane gauge. Now we are going to check their compatibility with the boundary conditions (14), (15).
We start by considering the case of background independent solutions F M ± (w ± ). On these solutions, the boundary conditions take the form:
Expanding F M ± in Fourier series one easily checks that they give not nontrivial solution of the equations (16). It is clear that the same will be true for the solutions (10) with X A left-movers, and X α right-movers. As for the solutions of the type (4), it can be shown that the conditions (15) lead to constant background fields, which is not the case under consideration. Therefore, to have the possibility to get nontrivial solutions of the open string -D-brane boundary conditions in non-constant background fields, we need to have at our disposal exact string solutions, for which the coordinates are non-chiral. We know from the previous section that such solutions do exist.
To be able to solve explicitly the boundary conditions, we assume that g M N and B ′ M N are constant at σ = 0, π. This is automatically achieved if g M N and B M N depend only on X a , and the U(1) field strength F µν is constant. From now on we will work in conformal gauge, and we choose to write down (9) in the form
Using the expansions
we find the following solution of (14) and (15)
This result establishes the correspondence with the known solution of the boundary conditions in the case of constant background fields [9] . It is clear that a crucial role in treating the open string -D-brane system in variable external fields is played by the conditions (11), which ensure the existence of nontrivial solutions of the type (9). Actually, (11) are the equations of motion for such type of string solutions. However, they do not contain second derivatives. That is why, we propose to consider them as additional constraints in the Hamiltonian description of the considered dynamical system. So, let us compute the resulting constraint algebra.
Using the manifest expression (13) for the momenta, we obtain the following set of constraints (∂X ≡ ∂X/∂σ)
Concluding remarks
In this letter we considered the problem of compatibility of the exact probe string solutions in curved backgrounds with torsion, with the mixed boundary conditions arising in the open string -Dp-brane system. We found that there exist solutions of the string equations of motion and constraints, which solve also these boundary conditions non-trivially, and give the known result in the constant background fields limit. We put forward the idea that the conditions for existence of such solutions can be considered as a set of additional constraints and compute their Poisson bracket algebra.
The second part of this work will be devoted to the Hamiltonian analysis of the open string D-brane system in variable external fields in the framework of Batalin-Fradkin-Vilkovisky approach, including the issue of the appearance of a non-canonical Poisson structure at the string endpoints.
